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ABSTRACT. We determine all the isometric immersions of complex
space forms into complex space forms. Our result can be considered as the
local version of a well-known result of Calabi.

A Kaehler manifold of constant holomorphic curvature is called a complex
space form. By a Kaehler submanifold we mean a complex submanifold with
the induced Kaehler metric. E. Calabi [1] gave a classification of Kaehler im-
beddings of complete and simply connected complex space forms into complete
and simply connected complex space forms. The local version of Calabi’s result
has been conjectured to be true by the second author [4] and he gave some
partial solutions [2], [3].

The purpose of this paper is to prove the following two theorems which
furnish the complete solutions to the conjecture. Throughout this paper we
denote by M,,(c) an n-dimensional complex space form of constant holomorphic
curvature c.

THEOREM 1. Let M,(c) be a Kaehler submanifold immersed in M,, , p(;:v )-
If > 0 and the immersion is full, then ¢'= vc and n + p = ("}*) = 1 for some
positive integer v.

THEOREM 2. Let M, (c) be a Kaehler submanifold immersed in M, , p(?').
If €< 0, then &= c (i.e., M, (c) is totally geodesic in M, , p(g' ).

1. Kaehler submanifolds in M, , p(? ). Let M be an n-dimensional Kaehler
submanifold immersed in M, ,(c)). We choose a local field of unitary frames
€1se v s €p Cuytse ey €y it My, (C) insuch a way that, restricted to M,

Received by the editors October 16, 1973.

AMS (MOS) subject classifications (1970). Primary 53B25, 5§3B3S.

Key words and phrases. Complex space form, Kaehler submanifold.

(1)The first author’s research was done under the program “Sonderforschungsbereich
Theoretische Mathematik” at the University of Bonn.

(2)Throughout this paper we use the following convention on the range of indices
unless otherwise stated:

ABC...=1,...,m,n+1,...,n+p,

Lik...=1,...,n

BY... =n+1,...,n+p L
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ey, ...,e,are tangent to M. Let w!,...,w", "t ..., w""P be the

field of dual frames. Then the Kaehler metric gof M, p(c ) is given by g =
Z,w"%@" and the structure equations of M, , () are given by (?)

(1.1) do? + Y wi AP =0, wf+a8 =0,
s ™B,
(12)  dwf +ng A =04, o4 Z RicpwC A @P

Since M, | p('") is a complex space form of constant holomorphic curvature ¢, we
have

Coa
1.3) Rico= 72 @88cp +828p).
Restricting these forms to M, we have

(l .4) wa = 0,

and the Kaehler metric g of M is given by g = Eiw'(B'.
It follows from (1.1), (1.4) and Cartan’s lemma that we may write

(1.5) wy —Zhd‘*” hj = hg;

Moreover we obtain

1.6) dw'+;w;/\wj=0, w}+6{=0,

1.7 dw;: +§ wh A “’ik = Qf, ZR”‘,w A @,
(1.8) duwf + Z’:wg A W} = 9, ER,, A @
From (1.2), (1.3), (1.4), (1.5), and (1.7), we have

(1.9) = kz;{ O+ 8150 ~ T K h,,}w AT
Similarly from (1.2), (l.'3), (1.4), (1.5), and (1.8), we have

(1.10) Qs = g(%aga,‘, P> ;;E}’;) oA T

1t we define hf;, and hig by
(1.11) Zhukw +Zhg,;a" = dhfj - th,w, Z Sewf + Zh,,w,,
k

then we can easily see

(1.12) Kk = hgpp  hijg =0.
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We may define inductively the successive derivatives of h‘,’; by
—
= dh?l Z Zhll-"j -—~i,,‘-°i + th i,‘wﬁ‘.

Tt + S 70

(1.13) )

J

= dh?l...ikf = E] }Zh?l...ir...ik'[wi:
r

k -k g mr +Zﬁ:h‘,’l...,k7w§.
m

If ), ...i), is symmetric with respect to all indices, then taking the exterior deriva-
tive of the first equality of (1.13) and using (1.6), (1.7), and (1.8), we get

- @ __pe o\l
Eh., :ktm‘*’ A @™ 12 (hz""-iklm By i) A @™
,m

K
== Z 4 h“!l R AL : +zﬁ:hfl...[kﬂg9
from which, together with (1.9) and (1.10), we obtain

a —_— -—
(1.14) hil...lklm = hil ...ikm[a h:l-o-{k'b;g- = h‘l!l'"ikﬁi’

a
h iklm hil ikml

-zsmz

k
- o
(1.15) * 1)" i dim + El b teeiy Bim

-Z B ;7? -3 K .., nhE, .
'-1/? 11yl Myt m ,Z’l;’l l"irim

Since hj; and A, are symmetric with respect to all indices, (1.14) implies
inductively that

(1.16) h;’l...,k is symmetric with respect to all indices,

and consequently (1.15) holds for all integers k = 2.
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2. Proof of theorems. Since M, (c) is a complex space form of constant
holomorphic curvature ¢, the curvature forms Q} are given by

= ;’R;ki"-’k NG = % ’;’.(5;51;1 + 818" A T,
which, together with (1.9), implies
1) Zh P = 4 (5 w1+ 8:udp)-
From (2.1) and the second property of (1.12), we obtain
22 ;h}"l i =0 fork>3.

Substituting (2.1) and (2.2) into (1.15), we have

~
a —=H I i ke 1o 5
11 "'iklm il'"ikml 4 il"'ik im

k
C
+5 E& B gt Sy T E>3,

and, in particular, applying this relation to the first term of the right-hand side
repeatedly and taking account of (1.12), we can obtain

! - l[g

where the notation * means the omission of the index #,. Since A, is symmetric,
from (2.1), (2.2), and (2.3), we have

(c— cxc 2¢)
hi]khlmn (Bilsimakn + 8”5]”8,"" + 8”"8]”8,‘,

(24)
+ simsﬂslm + 8msﬂakm + 8in81m8kl)'

First of all, as a generalization of (2.1) and (2.4), we shall prove the
following.

LEMMA 1.
0 for k#1,

- z‘;”i, by, = 4,,_, H (c”-rcm%«m, "o iy

fork =1,
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Where 2, is the summation on all permutations with respect to indices iy, . . . , i.

PROOF. We shall prove the second equality by induction. The cases
where k = 2, and k = 3 reduce to (2.1) and (2.4) respectively.

We suppose that the following equalities hold:

@ ju
e il = 41-1 H €= 8oy " Satipy,
forl<k

Then it follows from (2.3) that

a o —_— a _ju =
ghil ...ikhjl...ikm = ;hil...Ikmhil ...ik = 0

(modz; A l...,,,kzs,,) .
a

Making use of (2.3) and the supposition (2.6) of the induction repeatedly, we
see that

faed — . ] _
(2.7) ;h;!l...ikhil...jkm - 0, l.e., gh‘{l ...,'kmhil...lk = 0.

From (2.3) and the second equality of (2.7), we have

Zh‘l k41 11 Tr+1

K
= 7 rI,;Il C -rc)za:s"('l)fl BT TARRE

This shows that (2.5) holds for any integer k.

By the similar argument, we can prove the first equality of (2.5) noting
that we may assume k > [ without loss of generality. Q.E.D.

From the second equality of (2.5) we have

28) %Zhil k+1 ‘1 k1

=4—1,;n(n 1)+ RE-E-20) - @ ko).

LEMMA 2. If ¢ > 0, then ¢'= vc for some positive integer v.

PROOF. Suppose that there exists no integer / such that &= lc. Then,
since ¢ > 0 so that &> ¢ > 0, there exists an integer k satisfying (k — 1)c < ¢
< ke. For such k, the right-hand side of (2.8) is negative, which contradicts the
fact that the left-hand side is nonnegative. Q.E.D.
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Next we prove the following.

LEMMA 3. (1) If = vc for a positive integer v, then n + p > ("',',‘”) -1.
Q) Ifc>0=cor0>¢ >c thenn+p = ("}") - 1 for any positive
integer v.

PROOF. Putm; = ("f") = (n + 1) and suppose p <m,. Let H = (H})
be a matrix of order m, defined by

h‘,"l,2 for p <m,,
(

H“;“” - h?1l2‘3 formy, <u <mj,

h‘,'l...,v form, , <p<m,,

\H";=0 forp <A<m,.
Then it follows from (2.5) that
c-c A
2! ey
‘A = . ,

.v' mzic-ro)

y—1
. 4 -

where

* =

1 14 p.t =
= ! +rt -+ ]I €-s0)
=1

andr, +---+r,=j. The assumption on ¢ and ¢"implies that the determinant
of H is not zero, which contradicts the definition of the matrix H. Q.E.D.
Theorem 2 follows immediately from Lemma 3.
In order to complete the proof of Theorem 1, it suffices to show the
following.

LeMMA 4. If ¢’= vc for a positive integer v and the immersion is full,
thenn+p="t")-1.

ProoF. In consideration of Lemma 3(1), we suppose n + p > ("',',"’) -1.
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Let A, =(A,3) be a matrix of order p defined by 4,5 = Ek,,hz,i-li,. It is
easily seen that A, is a Hermitian matrix. Furthermore, we consider a p x ("}1)
matrix H, = (h?l‘.). Then these two matrices satisfy

c-c =
and the matrix *H,H, is nonsingular, which implies that the rank of the matrix
A, is equal to ("1!). We denote by N, the normal space to M at x, and

define a mapping f, of N, x N into a complex field C by
fz(X’ Y) = gﬁAng&ﬁﬂ’

where X = Z,£.e, and Y = Zgnge,. Let H, be the set of all Hermitian
matrices of order p, which is considered as a complex vector space. The unitary
group U(p) operates on H, as follows: For any Hermitian matrix 4 € H, and
any U € U(p), U(4) ="UAU.

Since the matrix 4, is invariant under U(p), the mapping f, is well defined
and it is a positive semidefinite Hermitian form of rank r = ("$!) so that it can
be normalized as

£ X)) =Nt By ¥ F N

This means that we can choose a new unitary frame (e;, €ays ep) at x such that

a, 8 n+1 n+2 n+2
29) w;" #0, w;y=0 for ) <q < 5 ,B8= , )

Similarly, we can choose a new unitary frame (e;, ey, €a,, ep) such that

w2 #0, wf =0
1

@y

<n+l) n+2)

for <al<< ,

(2.10) 1 2
n+2 <a < n+3 S n+3
(2 %2 3 B2 5 )

In fact, we take a unitary frame (e;, o, eg) satisfying property (2.9). Let
A =(4,5) be a matrix of order p defined by A,§ = Z, ; , K%, A5, . Then 4,
is also a Hermitian matrix of rank ("%2) and it is invariant under U(p). This
implies that a mapping f; of N, x N, into C defined by

& 1= §A3g£aﬁﬁ’
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where X = Z  £.e, and Y = Zgmgeg, is well defined and is also a positive
semidefinite Hermitian form of rank ("%2). Therefore we can choose a frame
satisfying (2.10).

Since h}"l iy =0 forI2v + 1, we can inductively choose a unitary frame
(G €ags e+ Cay g eB) at x such that

[ =0 forﬁ><"1’l>,

a, n+2
W, #0, w;=0 for g 2> , )

n+r+1
@.11) < wor  #0, wf_ =0 forB>( e )

n+v
Wl 40, Wf =0 forp>( ) )

\ =0 forﬁ><"+”),
-1 )

where ("t") < o, < ("}I11). Now we consider a distribution I on the frame
bundle defined by

n+vy
=0, =0, w§1=0,...,wg”_l=0 forB>( ) )

where ("1") < a, < ("}11). Then it follows from the structure equations that

n -1
df ==Y EANS-FT T Aw"-F AT
i=1 r=1 a, r v
=0 (mod &P, ,,wﬁl,...,wf, 1)’

[+ 3 ~
dof == Fof nof - B ok, n -k ne + T

r=1 a,

0 (mod P, wf,wﬁ b ),

-1

dof = Zw"/\wa 'Z > uh, /\wa —zw"/\w’ + 0
r i=1

s=1 ag

+
=0 (modwﬁ,wi,wﬁl,...,wﬁv_l), Where7>< v)_

14

Therefore it is seen that the distribution 9 is completely integrable.
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For any point x in M, (c), let M(x) be the maximal integral submanifold
of M through x. Then M(x) is of {(*}”) — 1}-dimensional and by the construc-
tion it is totally geodesic in M, , p(E'). Thus there exists an {("}”) — 1}-dimen-
sional totally geodesic submanifold of M,, p(E') in which the given submanifold
M, (c) is immersed. This is a contradiction to the assumption that the immersion
is full.

This completes the proof.
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